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Abstract
This work revisits hydrogen insertion in the wurtzite beryllium oxide in order
to fill the gap in scientific knowledge regarding the diffusion coefficients of the
different chemical states of hydrogen (neutral, charged, ormolecular). Both first-
principle and macroscopic models were used to this end. In the former, two
exchange-correlation functionals (PBE and SCAN) were used to compute the
properties of interest and accuracy was then discussed. Regarding the behavior
of interstitial insertion of hydrogen, this work is slightly different from previ-
ous works; hydrogen was mainly found in the form of charged H− or H+ ions,
depending on experimental conditions. In regard to diffusivity properties, a com-
plex migration pathway was found for hydrogen cation. Finally, the present
study succeeded in producing a reliable set of diffusion coefficients for neutral,
charged, and molecular hydrogen.
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1 INTRODUCTION

Beryllium oxide (BeO), known as beryllia, crystallizes
under a hexagonal wurtzite structure at atmospheric pres-
sure and room temperature. It is therefore unique as
compared to all other alkaline-earth oxides, which have
a rock salt structure. This ceramic has many interest-
ing properties. For example, because of its high melting
point (2843 K1) and chemical resistance, beryllia is often
used as a crucible. In addition, it combines high ther-
mal conductivity (290–330 W/m/K at 298 K,2 slightly
lower than copper) with high electrical resistivity, which
makes this material a promising insulator or heat sink
for the electrical and microelectronic industries. Further-
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more, its dielectric constant is interesting (higher than
that of SiO2) and its interfacial thermodynamic stability
with silicon is good. This may lead to opportunities in
achieving the challenges related to the downscaling of field
effect transistors.
In the nuclear field, its large neutron cross-

section makes beryllium oxide suitable for applications
as a neutron moderator and reflector.3 Moreover, this
ceramic has also been suggested as an additive substance
to uranium dioxide in the accident tolerant fuel (ATF)
concept.4 Because of its interactions with neutrons, a
possible application as a tritium breeder blanket in the
field of nuclear fusion was explored. Beryllium oxide
has also been suggested as a permeation barrier applied
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for hydrogen isotopes.5 Furthermore, in ITER facilities,
plasma-facing components will be made of metallic beryl-
lium blocks because of its interesting properties like its
oxygen affinity which causes the formation of a beryllium
oxide layer thereby purifying the plasma6
In both the microelectronic and the fusion fields, the

behavior and properties of hydrogen insertion in beryllium
oxide are of importance. In the former, hydrogen could
have a detrimental effect on the gate insulator,7 while in
the latter, tritium retention is one of the main safety issues
in the ITER project. Indeed, due to the radiological conse-
quences in the event of a loss of confinement in this type
of facility, a safety limit of 700 g of tritium in the vacuum
vessel has been established. As ITER will be fueled with
deuterium and tritium associated with a low combustion
efficiency, a part of the fuel can be trapped in the plasma-
facing components made out of beryllium. Consequently,
the tritium trapped in the wall should be periodically
removed by performing a baking process.8 Knowledge on
tritium behavior in beryllium has been improving recently
from a theoretical point of view.9–11 Since beryllium walls
can be oxidized, the behavior of tritium in BeO should
be first assessed by studying elementary properties like
solubility and diffusivity.
Even though there are numerous data on beryllium

oxide properties, those related to hydrogen isotopes in BeO
are unfortunately scarce, especially in the experimental
literature. The work of Fowler et al.12 can be considered
as a reference regarding tritium diffusivity in the differ-
ent states of beryllium oxide (single-crystal, sintered and
powdered); since the end of the 1970s, no additional exper-
imental investigation has been performed on this topic.
Moreover, as regards the solubility of hydrogen isotopes,
the only experimental estimate was carried out on sin-
tered beryllium oxide samples loaded with deuterium.13
Nevertheless, a few theoretical DFT-based studies inves-
tigated the insertion or diffusion properties of hydrogen
in the wurtzite structure.14–17 The recent work of Hodille15
extends the work of Marinaupoulos et al.16 by publishing
the solution energies for each chemical state of hydrogen
(neutral, charged, molecular) but only the diffusion coef-
ficient of molecular hydrogen was evaluated,15 while the
diffusivity of neutral hydrogen was previously computed
by Allouche et al.14 This work aims at filling the gap in sci-
entific knowledge on the diffusion coefficients of hydrogen
isotopes in beryllium oxide bymeans of DFT computation.
It also seeks to compute their solution energies in order to
perform an estimate of their solubility.
The paper is organized as follows. Section 2 intro-

duces the computational approach. Section 3 presents BeO
properties and discusses the improvements obtained from
using the strongly constrained and appropriately normed
(SCAN) functional. Sections 4 and 5 are dedicated to

results and discussions on the solubility and diffusivity of
hydrogen isotopes.

2 METHODOLOGY

Density functional theory (DFT)18,19 calculations were
performed using the Vienna Ab initio Simulation Pack-
age (VASP).20 Simulations were carried out under the
Perdew–Burke–Ernzerhof (PBE)21 generalized gradient
approximation for the exchange-correlation functional, as
well as under the SCAN semi-local density functional.22
Magnetism (spin polarized) was taken into account in
calculations. Projector augmented wave (PAW) pseudo-
potentials23 were used, and a kinetic energy cut-off of 720
eV for the plane-wave basis set was chosen to compute
energies (convergence criterion of 1 meV/atom). Energy
calculations were performed on 3×3×3 supercells, i.e.,
108 atoms. The corresponding k-mesh grids were then
sampled with Γ-centered 2×2×2.24 To optimize ideal struc-
tures, atomic coordinates and lattice parameters were
fully relaxed.
To study uncharged hydrogen insertion (H and H2),

lattice parameters were fully relaxed. For H+ and H−,
pure BeO lattice parameters were selected and the resid-
ual stress was corrected as described below. The formation
energy of hydrogen, 𝐸𝑓(𝐻, 𝑞), in the charge state 𝑞, is
computed as:

𝐸𝑓(𝐻, 𝑞) = 𝐸𝑜[BeO+H] − 𝐸𝑜[BeO]

−𝜇𝐻 + 𝑞(𝜇𝑒 + 𝐸VBM) + 𝐸elas + 𝐸elec, (1)

where 𝐸𝑜[BeO+H] and 𝐸𝑜[BeO] are the DFT energies
of the BeO supercell, respectively, with and without one
H atom. 𝜇𝐻 is the chemical potential of the H atom
in its reference state, equal to 1∕2𝐸𝑜[𝐻2] or 𝐸𝑜[𝐻2] for
atomic or molecular hydrogen, respectively; 𝐸𝑜[𝐻2] being
the DFT energy of 𝐻2. 𝜇𝑒 + 𝐸VBM is the energy of the
Fermi level in the gap. Finally, 𝐸elas and 𝐸elec correspond
to the elastic and electrostatic energies due to the peri-
odic images. 𝐸elas was computed using the Aneto code,
developed by Varvenne et al.,25 from elastic constants of
the BeO system and the residual stress when hydrogen is
inserted (calculations were thus performed at fixed lattice
parameters). The image-charge correction scheme pro-
posed by Freysoltd et al.26 was used to compute 𝐸elec. It
uses planar-averaged electrostatic potential for aligning
the defect-induced potential, which is obtained by sub-
tracting bulk supercell potential from defective supercell
potential, to the model charge potential.
To study migration paths, five intermediate posi-

tions were used for each nudged elastic band (NEB)
calculation.27 The energies of the transition states were
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RIOT et al. 5007

F IGURE 1 (Color online) Schematic representation of the
BeO structure: Be and O atoms are in green and red, respectively.
Gold balls represent the interstitial hydrogen sites considered here.
The figure on the left (right) is a lateral (top sliced) view of the
primitive cell. Figures were built with VESTA.30.

then calculated using the same criteria of convergence
as for insertion sites. Additional calculations were car-
ried out to compute interatomic force constants (IFC). The
finite displacement method using the phonopy package28
was performed on 2×2×2 supercells, that is, 32 atoms.
Helmholtz free energies, 𝐹𝑣,

𝐹𝑣(𝑇) = 𝑘𝐵𝑇

3𝑁∑
𝜈=1

∫ 𝑛𝜈(𝐪) ln

[
2 sinh

(
ℏ𝜔𝜈,𝐪

2𝑘𝐵𝑇

)]
𝑑𝐪, (2)

were then calculated. 𝜔𝜈,𝐪 the frequencies in wave-vector
q and mode 𝜈, and 𝑛𝜈(𝐪), the phonon density of state,
were computed on 20×20×20 q-mesh grids. Frequencies
were used to analyze the stability of configurations and
Helmholtz free energies were used to compute jump rates,
Γ𝑎𝑏, zero-point energies (ZPE) and Gibbs insertion ener-
gies.

3 GROUND-STATE PROPERTIES OF
THE BEO SYSTEM

3.1 Structural properties

The BeO system is in the hexagonal space group 186 (hP4,
P63/mc), a wurtzite structure. Wurtzite is defined as a
nesting of two compact hexagonal structures of Be and O
atoms, which corresponds to an ABAB stacking of hexag-
onal planes, see Figure 1. BeO has two Be atoms and two
O atoms per primitive unit cell, where both atoms occupy
2b Wyckoff sites (1/3, 2/3, 𝑧).29 The structure of BeO can
thus be defined by two lattice parameters 𝑎 and 𝑐, and
one parameter, 𝑧𝑂, which corresponds to the shift of an
O-plane with respect to the Be plane, that is, 𝑧𝐵𝑒 = 0 and
𝑧𝑂 ≃ 0.378.

TABLE 1 Lattice parameters, 𝑎 and 𝑐, in Å, and 𝑧𝑂 parameter
of the oxygen in the BeO system.

𝒂 (Å) 𝒄 (Å) 𝒄∕𝒂 𝒛𝑶

Exp. 31–36 2.698 4.379 1.623 0.378
Theo. PBE15,16,37–41 2.726 4.417 1.620 0.378

HSE0616 2.680 4.350 1.623 0.378
LDA31,42–44 2.688 4.366 1.624 0.378
PBE† 2.713 4.404 1.623 0.378
SCAN† 2.686 4.363 1.624 0.378

Note: The data obtained in this work are marked with a † symbol. LDA, Local
Density approximation; PBE, Perdew–Burke–Ernzerhof; SCAN, strongly con-
strained and appropriately normed.

Compared to the ideal wurtzite structure (𝑐∕𝑎 = 1.633

and 𝑧𝑂 = 0.375), the BeO system has a lower 𝑐∕𝑎 ratio and
a higher 𝑧𝑂 parameter, see Table 1.
Theoretical and experimental values are also summa-

rized in this table. Experiments31–36 give the same values,
𝑎 = 2.698 Å, and 𝑐 = 4.379± 0.003 Å. Theoretical studies
using the PBE functional show, at 0 K, slightly overesti-
mate 𝑎 and 𝑐 values (about 0.6%), whereas the HSE06 or
the LDA functionals tend to underestimate them, which
is consistent with other literature results on these func-
tionals. In all cases, the ratio and the parameter are in
perfect agreement between studies. The difference is too
small to be noticed, which shows a very good consis-
tency in the results. For PBE, the parameters obtained in
this work are consistent with literature results15,16,37–41 and
are thus in excellent agreement with experimental data.
The SCAN (Meta-GGA) functional tends to slightly under-
estimate lattice parameters, as is the case for hybrid or
LDA functionals.
Cohesive, 𝐸coh, and formation, 𝐸𝑓 , energies of the BeO

system were then computed. The energy of formation cor-
responds to the difference between the energy of the crystal
and the energy of its constituents under standard pressure
and temperature conditions. 𝐸coh is thus given by:

𝐸coh = 𝐸𝑜[BeO] − 𝐸at𝑜 [Be] − 𝐸at𝑜 [O], (3)

where 𝐸at𝑜 [Be] and 𝐸at𝑜 [O] are the DFT energies of atoms.
The formation energy is given by

𝐸𝑓 = 𝐸𝑜[BeO] − 𝐸𝑜[Be-hcp] −
1

2
𝐸𝑜[𝑂2], (4)

where the reference states are the Be-hcp system and 𝑂2

molecule. ZPE was also included in 𝐸coh (see the dis-
cussion on vibrational properties below). Theoretical and
experimental data are gathered in Table 2.
The formation energy, taking into account the ZPE, was

found equal to−2.73 eV/atomwith the PBE functional and
equal to −3.10 eV/atom with the SCAN functional. The
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5008 RIOT et al.

TABLE 2 Cohesion energy, 𝐸coh, in eV per atom, and formation
energy, 𝐸𝑓 in eV per atom, without and with zero-point energy
correction (ZPE): comparison of theoretical and experimental data.

Ecoh E𝒇 (+ZPE)
Exp. 0 K 6.1 ± 0.145 −3.1346

Theo. PBE37,38 5.2-5.5
PW9143 6.5
LDA44,47–49 6.8–7.9
PBE† 6.34 −2.77 (−2.73)
SCAN† 6.39 −3.15 (−3.10)

PBE, Perdew–Burke–Ernzerhof; SCAN, strongly constrained and appropri-
ately normed. †: Present work.

PBE functional overestimates the experimental value of
−3.13 eV/atom by 0.4 eV,46 which corresponds to a differ-
ence of 13%. This value is an improvement compared to the
energy previously calculated by Byggmästar et al.37 with
interatomic potentials. The value obtained with the SCAN
functional is, on the other hand, in better agreement with
experimental data with an error below 1%.
The cohesive energies calculated with the two function-

als are closer to experimental values than previous studies.
Here, differences of about 5% were found, whereas the val-
ues reported in the literature show larger differences of
about 10%, even 30% in some cases, see Table 2. Contrary
to the formation energy, the cohesion energy found using
the PBE functional is closer to the experimental value than
the one found using the SCAN functional. However, the
difference remains small. Indeed, the SCAN functional
allows a better description of the molecules than the PBE
functional, but improves only slightly the description of
isolated atoms.22

3.2 Electronic properties

Figure 2 represents the calculated electronic band struc-
ture of the BeO wurtzite which exhibits a direct band gap
at Γ point, in agreement with experimental result50–52 and
theoretical calculations.16,53–56 Results are summarized in
Table 3.
As done by Duman et al.,41 valence bands are separated

into two groups. The first one, between −16 and −19 eV,
corresponds to the 2s orbitals of the O atom with a small
contribution from the 2p and 2s orbitals of beryllium, and
not only from 2s as indicated in Ref. [41]. The second
group, between −7 and 0 eV (top of the valence band),
corresponds to the 2p orbitals of oxygen, with a weak con-
tribution of the 2p orbitals of Be atoms. Apart from the
difference between the 2s and 2p orbitals of beryllium,
results obtained in this work are similar to those presented
by Duman et al.41

F IGURE 2 Electronic band structure of the BeO wurtzite (PBE
functional) along high symmetry points of the first Brillouin zone.
The Fermi level was set at the top of the valance band, and
Δ𝐸𝐹 = 𝐸𝐹 − 𝐸vbm. The 4.2 eV value (blue line) corresponds to a shift
of the Fermi level position induced by the assumption of the
electrically neutral system for charged hydrogen solubility, whereas
the other values (red and orange lines) are selected for the
illustrative solubility calculations. PBE, Perdew–Burke–Ernzerhof.

TABLE 3 Electronic band gap, 𝐸gap in eV, of the BeO system.

𝑬gap
50 10.6 Direct Γ

Exp. 52 10 – –
51 9.9 – –
PBE16,53 8.4/7.4 Direct Γ

HSE0616 10.6 – –
SIC54 10.5 Direct Γ

Theo. B3LYP55 10.4 Direct Γ

GW56 10.7 Direct Γ

PBE† 7.45 Direct Γ

SCAN† 7.5 Direct Γ

Note: PBE, Perdew–Burke–Ernzerhof; SCAN, strongly constrained and appro-
priately normed. †: Present work.

The calculated electronic band gap, equal to about 7.45
eV with the PBE functional, is in agreement with pre-
vious theoretical results.15,16 A similar value is obtained
with the SCAN functional (approximately 7.5 eV). For
the band gap energy, this functional is still worse than
the HSE06 hybrid functional, which gives more accurate
experimental values.16,17 These values are 30% lower than
the experimental value; a well-known phenomenon due
to the fact that DFT is a ground-state theory which tends
to underestimate the value of the experimental band gap,
which is equal to 10.650,52 or 9.9 eV.51 This “low” value of
the gap should not affect our results since in all the cases
studied here, the insertion of H leads to bands that are
always located in the gap (large enough).
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RIOT et al. 5009

TABLE 4 Bulk modulus, 𝐵, and elastic constants, 𝑖𝑗 of beryllium oxide.

𝑩 𝟏𝟏 𝟏𝟐 𝟏𝟑 𝟑𝟑 𝟒𝟒 𝟔𝟔

Exp. 31 208 454 85 77 488 155 184
57 242 469 131 119 499 159 169
57 224 461 127 89 492 147 167
58 – 461 127 89 492 148 167
59 252 470 168 119 494 153 151

Theo. PBE37–39,41 206–218 424–452 97–134 72–97 466–483 127–155 145–178
LDA42,60,61 204–223 411–472 116–129 85–121 446–530 126–138 143–154
PBE† 211 427 115 82 463 137 156
SCAN† 230 470 129 90 510 150 170

Data are expressed in GPa. 66 = (11 − 12)∕2). PBE, Perdew–Burke–ErnzerhofA; SCAN, strongly constrained and appropriately normed. †: Present work.

3.3 Elastic properties

For hexagonal structures, there are five independent elas-
tic constants, that is, 11, 12, 13, 33, and 44. To compute
them, a stress–strain method was used. The primitive cell
(with high convergence criteria: 800 eV and, 18×18×16 k-
mesh grids) was thus employed. The bulkmodulus, 𝐵, was
deduced from these values using the following expression:

𝐵 =
211 + 33 + 212 + 413

9
(5)

and 66 deduced from 66 = (11 − 12)∕2. Table 4 sum-
marizes the different data of 𝐵 and 𝑖𝑗 available for the
BeO system.
Our results show a good agreement between calculated

and experimental data.31,57–59 The calculated constants are
in the same order of magnitude as the other theoretical
results, with similar differences as found in the experimen-
tal data. Similarly, for the incompressibility modulus, the
calculated value agrees with the other theoretical values,
while being in good agreement with the value of Bosak
et al.31
For elastic properties, the SCAN approximation also

produces results that are consistent with the experimen-
tal data.

3.4 Vibrational properties

Vibrational properties were computed using the phonopy
code.28 Figure 3 shows the vibrational band structure
calculated with PBE and SCAN functionals. To include
splitting of LO–TO modes, the Born charge and dielec-
tric tensor were included in the calculations (with PBE
only). Values are reported in Table 5. They were computed
using the density functionl perturbation theory (DFPT) as
implemented in the VASP.62,63

F IGURE 3 Phonon dispersion curves (along high symmetry
points) calculated with the SCAN (full black line) and PBE (dashed
red line) functionals in comparison with the experimental data of
Bosak.31. PBE, Perdew–Burke–Ernzerhof; SCAN, strongly
constrained and appropriately normed.

TABLE 5 Dielectric constants and effective Born charges of the
BeO system.

𝝐∞
⟂

𝝐∞
‖

𝒁Be
⟂

𝒁Be
‖

Exp. 64 2.95 3.00 – –
65 2.95 2.99 – –

Theo. 41 3.06 3.13 1.80 1.86
31 3.06 3.12 1.79 1.85
PBE† 3.13 3.19 1.79 1.84

Note: PBE, Perdew–Burke–Ernzerhof. †: Present work.

The plot of the phonon dispersion curves show an
excellent agreement between the two functionals (PBE
and SCAN) as well as with the experimental curves,31
see Figure 3. The frequencies obtained with the SCAN
functional are systematically higher than those obtained
with the PBE functional, about 1 THz, and thus fit better
with the experimental data. This can be explained by the
fact that the lattice parameters calculated with the SCAN
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5010 RIOT et al.

functional are slightly smaller than those calculated using
PBE. Results thus show that the SCAN functional provides
a slight improvement over the PBE functional.
As explained, the dielectric tensor 𝜀∞‖ of BeO and Born

charge was computed and summarized in Table 5. The
dielectric constant tensor has two values, one in the basal
plane, 𝜀∞

⟂
, and one in the 𝑐-direction, 𝜖∞‖ . Similarly, the

Born effective charge tensor of the Be atom shows two
values: 𝑍Be

⟂
and 𝑍Be‖ . The values for the O atoms are the

opposite of those for beryllium. The two experimental
studies64,65 found similar values for the dielectric con-
stants, and the theoretical studies reproduced these values
with a difference of less than 5%. The effective Born
charges that can be found in the two theoretical studies,
which were also obtained using the DFPT (with ABINIT31
and Quantum-Espresso41), are not only close to each other
but also close to our values, with a difference of less
than 1%. Calculated values for the dielectric constants
overestimate experimental values by 7%, which is low.
From these interatomic forces, thermodynamic proper-

ties of the BeO system (Helmholtz vibration energy and its
derivative, that is, 𝐹, 𝐶𝑣, etc.) were computed. They were
compared to the JANAF thermodynamic dataset.46 Results
(not shown here) show that a 2×2×2 supercell is sufficient
to accurately generate thermodynamic functions; heat
capacity deviation is less than 3 J/mol/K at 1 000 K. Results
also show that the difference between SCAN and PBE
functionals is negligible when calculating thermodynamic
functions. There is no significant improvement between
SCAN and PBE results, contrary to what was found for
the formation energies. Therefore, in what follows, the
thermodynamic functions will not be calculated with the
SCAN functional. In addition, Born charges and dielectric
constants were included in the calculations when consid-
ering charged or uncharged H atoms to determine the
stability of each insertion site with the phonon dispersion
curve, but they were ignored for the transition states.

4 HYDROGEN SOLUBILITY

4.1 Presentation of sites

In the wurtzite system, as shown by Wahl et al.,66 there
are 10 potential insertion sites, see Figure 1. There are two
non-equivalent octahedral sites (𝑂𝑏𝑒 and𝑂𝑜) located at the
center of the beryllium and oxygen octahedrons, respec-
tively. There are also two tetrahedral sites (𝑇𝑏𝑒 and 𝑇𝑜)
located in the center of the beryllium and oxygen tetrahe-
drons, respectively. TheR sites are equidistant from the two
first-nearest octahedral (1NN) sites and the E sites from
the two 1NN tetrahedral sites. In the BeO lattice, Be and
O atoms form two types of bonds: an in-plane bond and a

TABLE 6 Wyckoff positions of the insertion sites tested: 6c is
in (𝑥, 2𝑥, 𝑧), 2b (1∕3, 2∕3, 𝑧), and 2a (0, 0, 𝑧).

Position Wyckoff’s
Label 𝒙 𝒚 𝒛 label
AB𝑏𝑒 1/6 1/3 0.063 6c
AB𝑜 1/6 1/3 0.32 6c
BC𝑏 1/2 −1/2 0.44 6c
BC𝑐 2/3 1/3 0.689 2b
E 2/3 1/3 0,189 2b
T𝑏𝑒 2/3 1/3 0.125 2b
T𝑜 2/3 1/3 0.253 2b
R 0 0 0.685 2a
𝑂𝑏𝑒 0 0 3/4 2a
𝑂𝑜 0 0 0.635 2a
X 2/5 3/5 0.6 6c

perpendicular bond. At the center of each bond, there is an
insertion site labeled BC𝑐 for the site at the center of the 𝑐-
axis perpendicular bond, and BC𝑏 for the site at the center
of the in-plane bond. For each in-plane bond, there are two
anti-bond insertion sites, AB𝑜 and AB𝑏𝑒. Finally, an addi-
tional positionmust be considered: the X site (identified in
themigration study of𝐻+, see below). For each site, Table 6
indicates the atomic positions in the primitive cell (space
group 186) as well as the Wyckoff position.

4.2 Solubility energies

Allouche et al.,14 Marinopoulos et al.,16 Hodille et al.15, and
Tsunoda et al. 17 already published results on hydrogen
insertion in the BeO system. Allouche studied only neu-
tral hydrogen in its ground state, the𝑂𝑜 site.Marinopoulos’
work does not include the values of hydrogen formation
energies. Therefore, only the stability order can be dis-
cussed as well as the energy difference between sites.
He studied hydrogen in both forms, that is, neutral and
charged forms, ±1. For neutral hydrogen, the ground state
is O𝑜, followed by local minima, 𝐵𝐶𝑐, BC𝑏, and E. For 𝐻+,
themost stable site isBC𝑐 and it is locally stable inAB𝑜,BC𝑏

and T𝐵𝑒-like sites.𝐻− is found stable in the𝑂𝑜 site only. In
addition, Hodille extended the study to molecular hydro-
gen. His results regarding the ground states for atomic
insertion are in full agreement with previous works.14,16
For neutral molecular hydrogen, the ground state is also
the 𝑂𝑜 site with the molecule oriented along the 𝑐-axis.
Finally, based on another approach seeking the interstitial
configurations of hydrogen atoms in oxide, especially effi-
cient for protons, Tsunoda17 confirmed the ground states
of each hydrogen state. The formation energy of neutral
hydrogen is slightly higher (+0.52 eV) in Allouche’s study
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RIOT et al. 5011

TABLE 7 Formation energies (𝐸𝑓 , in eV) of stable hydrogen
insertion sites in BeO for each functional.

Site PBE SCAN ZPE 𝝁𝒎 BC 𝛀𝒇

H0 𝑂𝑜 3.99 4.10 −0.01 1 1.1 3.5
BC𝑐 4.60 4.79 −0.03 1 1.2 7.3
BC𝑏 4.77 4.99 −0.03 1 1.2 7.3

H+ BC𝑐 3.18 3.34 +0.10 0 0.5 −2.3
AB𝑜 3.66 3.78 +0.11 0 0.4 3.2
𝑋 3.75 3.92 0.12 0 0.5 −2.4

H− 𝑂𝑜 3.18 3.34 +0.09 0 1.9 13.5
H2 𝑂𝑜 4.21 4.32 +0.23 0 0.93/1.2 6.9

The formation energy of the charged species is given at the Fermi level, set
by 𝐸𝑓(𝐻,+1) = 𝐸𝑓(𝐻,−1) in ground states (see Equation (1)). Calculations
were done with 3×3×3 supercells. The ZPE is also given (in eV). In addition,
the total magnetization (𝜇𝑚 in 𝜇𝐵∕cell), the volume of relaxation (Ω𝑓 in Å3),
and the Bader charge (BC per H atom) are also given. For charged species, the
relaxation volume is given byAneto code25 otherwise it is calculated as the vol-
ume variation between structures with inserted hydrogen and the ideal lattice.
PBE, Perdew–Burke–Ernzerhof.

than in Hodille’s. This discrepancy could be explained by
the fact that Allouche’s work includes a semi-empirical
long-range correction (contracting the lattice)with no elas-
tic correction which should have been taken into account
because the lattice parameters are set to the ideal lattice.
In addition, for neutral hydrogen, Hodille investigated two
other localminima (relaxed positions are not described) for
which the corresponding stability energies (from ground
state) are similar to the PBE results in Marinaupoulos’
work. In this latter work, the energy differences rise by
approximately 0.25 eV when calculated with the HSE06
hybrid functional.
From these data, Hodille calculated a solubility of 5 ×

10−12 appm for a temperature of 773 K and aH2 pressure of
13.3 kPa. This is much lower than the experimental values,
which are above 100 appm.13
We have therefore reviewed the content of these stud-

ies. Each position presented in the previous section was
systematically tested to make sure no cases were miss-
ing. Vibrational calculations were always performed to
check the stability of sites. Table 7 summarizes the for-
mation energies of stable hydrogen sites obtained in this
work. They are given as a function of the chemical state
for both PBE and SCAN functionals, taking into account
the ZPE.
Results show similarities with previous literature, but

some discrepancies are also highlighted. Our results are
in full agreement with former studies regarding the most
stable sites: the 𝑂𝑜 site for H0, H− and H2 species,
and the BC𝑐 site for H+. Nevertheless, there are differ-
ences in the local minima for H0 and H+. Each form
has three stable sites: 𝑂𝑜, BC𝑐, 𝐵𝐶𝑏, and BC𝑐, 𝐴𝐵𝑜 and
the 𝑋 sites, respectively. For all cases, the stable config-

F IGURE 4 Charge density difference, Δ𝜌, for the investigated
hydrogen states in their most stable site along a lattice plane (only
atoms in the plane are drawn). From the upper left to lower right
picture: H0, H2, H+, and H−. Color map starts from −10−4 (blue) to
10−4 (red) e−/Å3, whereas green corresponds to 0. Figures were built
with VESTA.30.

urations identified are indeed local minima (insofar as
these calculations were made using a non-relaxed vol-
ume). The phonons of the different cases were indeed
calculated and confirm this result. On the other hand,
the other configurations are all unstable. Our phonon
spectra show that the two highest sites for H+ found
by Marinaupoulos are in fact transition states (see Sec-
tion 5.1.3). The small discrepancies between the formation
energies previously published15 and our own data obtained
with the PBE functional could come from the method-
ology, specifically the elastic and electrostatic correction
terms. For molecular hydrogen, without ZPE, values are
in perfect agreement, whereas for H0, our computations
lead to a slightly higher formation energy (approximately
160 meV).
Tests were made to evaluate the influence of the size

of the supercell on the formation energy. Calculations
were performed on supercells from 2 × 2 × 2 to 4 × 4 × 4.
Results show that whichever the species, the formation
energy of its ground state increases slightly when the size
of the supercell increases from 3 × 3 × 3 and 4 × 4 × 4.
For charged, neutral and molecular hydrogen, the energy
difference is about 4, 5, and 8 meV, respectively.
In order to analyze the interactions between H and the

BeOnetwork,we analyzed the transfer of charges using the
charge differenceΔ𝜌 (Δ𝜌 = 𝜌[BeO +H] − 𝜌[BeO] − 𝜌[H],
calculated with the same grid and simulation box) for the
different forms of hydrogen.Δ𝜌 are drawn in Figure 4. The
Bader charge67 and the volume of formation,Ω𝑓 , were also
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5012 RIOT et al.

calculated, see Table 7. The volume of formation, Ω𝑓 =

𝑉[BeO +H] − 𝑉[BeO] which represents the overall effect
ofH insertion on the lattice, and the Bader charge both give
information on whether or not hydrogen is truly charged.
In the case of H0 and H2, the interactions with O or

Be atoms are weak, see Figure 4 (top). The charge trans-
fer between the BeO system and hydrogen upon insertion
is weak indeed. The values of the Bader charges confirm
that the charge of the inserted hydrogen corresponds to the
state considered: for instance, there is one electron around
each H atom in H0 and H2. In the case of H+, Δ𝜌 show
a distinguished charge transfer between H and O atoms,
leading to the formation of an O–H bond, confirmed by a
bond length of 0.97Å. In the case ofH−, it can be noted that
hydrogen tends to form an electrostatic bondwith the first-
nearest beryllium atom. Bader charges agree with these
results: for H+, hydrogen almost recovers its electron and
for H−, it gains one electron. Positive charges are attracted
byO atoms, whereas negative charges by Be atoms tomake
bonds/interactions.
Regarding the effect of hydrogen insertion on the bulk,

results show that, except for 𝐻+, insertion causes an
increase in the lattice size. In the case of neutral hydro-
gen, for the same site, 𝑂𝑜, Ω𝑓 is almost twice as large for
H2 as for H0. In the case of H−, one additional electron
is inserted. This expands the volume of the cell, whereas
in the case of H+ a contraction of the cell can be noticed.
However, an exception can be noted for AB𝑜: H+ insertion
contracts the system due to the particular position of AB𝑜
in the supercell.
It should be noted that our calculations, which take into

account the magnetic moment, show a localized electron
for neutral hydrogen in the vicinity of the H atom. This
results in a magnetic moment, 𝜇𝐵.
To calculate the solubility, only the most stable site for

each hydrogen form was considered. However, to calcu-
late diffusion coefficients, all stable sites for each form
are necessary.

4.3 Solubility

The formation energies of H0, H+, H−, and H2 were cal-
culated. The relationship between these energies and the
concentration of the species will now be established. Two
cases are considered: hydrogen, either in its atomic form
(H0, H+, H−) or in itsmolecular form (H2). The solubility is
calculated from the Gibbs free energy, 𝐺𝑖(𝐻

𝑞). To evaluate
the solubility of atomic hydrogen, the following reaction is
assumed:

BeO +
1

2
H2 → H𝑞 in BeO. (6)

According to this reaction, the Gibbs free energy for the
insertion of H𝑞 is given by

𝐺𝑖(H𝑞) = 𝐸𝑓(H𝑞) + Δ𝐹𝑣 −
1

2

[
𝐺v,t,r(H2)

]
, (7)

where𝐸𝑓(H𝑞) is the formation energywithout theZPE (see
Table 7 for data at 0 K). The term Δ𝐹𝑣, computed with
Equation (2), corresponds to the difference in vibrational
Helmholtz energy between the supercell with inserted
hydrogen and the ideal one, including the ZPE. The last
term includes the vibrational, rotational, and translational
parts of enthalpy and entropy for the gaseous molecular
hydrogen (see details in B). The concentration of hydrogen
with a 𝑞 charge, 𝐶[H𝑞], is then expressed as:

𝐶[H𝑞] =

√
𝑃

𝑃0
exp

(
−
𝐺𝑖(H𝑞)

𝑘𝐵𝑇

)
(8)

Similarly, for molecular hydrogen, the reaction and its
Gibbs free energy of insertion become:

BeO +H2 → H2 in BeO (9)

and

𝐺𝑖(H2) = 𝐸𝑓(H𝑞) + Δ𝐹𝑣 −
[
𝐺v,t,r(H2)

]
. (10)

The concentration of H2, is then given by the equation:

𝐶[H2] =
𝑃

𝑃0
exp

(
−
𝐺𝑖(H2)

𝑘𝐵𝑇

)
(11)

From Equations (8) and (11), the concentrations of the
different species were calculated as a function of tem-
perature for a hydrogen pressure 𝑃 = 𝑃0 (1 bar). In first
approximation, to compute the H+ and H− concentra-
tions, an assumption was made: the system is electrically
neutral, meaning that their concentrations are equal. This
implies that the insertion Gibbs energies are also equal,
which in turn determines the Fermi level position of
the BeO system. This constraint was computed at each
temperature: at 0 K, Δ𝐸𝐹 is 4.2 eV, see Figure 2. The
different values for the solubility of hydrogen and its iso-
tope (tritium) in BeO are represented in Figure 5, and
compared to experimental data.5,13,68 Whichever the chem-
ical state of hydrogen isotope, the calculated solubility
is always much lower, by several orders of magnitude,
than the experimental data. Present results show that,
in beryllium oxide, hydrogen should be charged, H+∕−.
The concentrations of neutral andmolecular hydrogen are
found lower than that of charged hydrogen, regardless
of the approximations. Furthermore, a slight concentra-
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RIOT et al. 5013

F IGURE 5 (Color online) Solubility of hydrogen (atom or
molecule) as a function of its charge state. The constraint
[H+] = [H−] enforces the Fermi level for the charged species.
Concentration of charged hydrogen atom for two Fermi levels are
also shown. The experimental data related to poly-crystal sample
come from Ref. [13], whereas the upper experimental solubility of
the single crystal is invoked in Ref. [5]. To show the isotopic effect,
only species may have the highest impact is plotted, that is, 𝑇2.

tion increase can be observed in the case of isotopes,
without quantitatively changing the results. This disagrees
with the previous conclusion made by Hodille et al.15
stating that hydrogen is mainly dissolved as molecu-
lar hydrogen. Unfortunately, corresponding experimental
results are scarce; there are no available measures per-
formed on single crystals, which leads to an ineluctable
bias. Froma deuterium-loaded sintered sample,Macaulay-
Newcombe et al.68 proposed the following Sieverts law: 𝑆 =

1018 exp(+0.8∕(𝐾𝐵𝑇))at.m−3.Pa−0.5. Nevertheless, this law
should be considered as an estimate, at least because it
derives from simulations of thermal desorption spectra
which include a postulated diffusion coefficient. There is
another uncertainty due to a possible misprint regarding
the sign of the solution energy in their article. Indeed,
the sign is negative in subsequent publications.69,70 Ear-
lier, these authors performed measurements on oxidized
beryllium samples13 and obtained a solubility of about 200
appm at 773 K and 13.3 kPa (roughly in agreement with
the Sieverts’ law above). In this experiment, the oxide layer
(approximately 276 nm)was grownwith an oxidation stage
at 1073 K. Nonetheless, more recent oxidation experiments
on beryllium samples concluded to a rapid oxide layer
growth with many cracks if the temperature is higher than
950 K.71 These defects must affect the apparent solubil-
ity measured by Macaulay-Newcombe13 and explain the
huge gap with our data. Finally, Alexander et al.5 tried to
measure the solubility of deuterium in a single crystal, but
the concentration was below the detection limit of their
mass spectrometer. This could establish an upper limit for

hydrogen solubility: [H] ≤ 4.1 × 10−6 atom∕f.u. This limit
is still significantly distant from our data.
To conclude, it is rather difficult to confirm whether

the gaps result from inadequacies coming from the DFT
simulations and the solubility model, or if they can be
explained by experimental errors (or both). As explained,
concentrations were computed based on the following
assumption: the charge neutrality was controlled by the
content of H+ and H− species. However, this neutrality
can also be achieved through other species or defects.
For instance, charged intrinsic defects (vacancy, anti-sites,
Schottky defects, etc.) or substitutional species could also
modify the position of the Fermi level, see Appendix C. But
a change in the position of the Fermi level could greatly
affect the concentration of the various charged species.
Figure 2 shows the electronic band structure of BeO with
different values of the Fermi level: in the middle of the
band gap at 4.2 eV when the concentrations of H+ and
H− are equal at 0 K, but also a level at 1.5 eV close to the
valence band and at 7eV near the (DFT) conduction band.
It should be noted that the concentration of the neutral
species remains unchanged in all cases.
The new concentration of H+ and H− is then rep-

resented for these different values of the Fermi level,
Figure 5. Concentration values consistent with the experi-
mental data were thus obtained for a Fermi level of 1.5 eV
forH+ or 7 eV forH−. The impact of the Fermi level shift on
the concentrations can be observed clearly. It is therefore
important to be able to determine how the position of the
Fermi level in beryllium oxide can be modified, in order to
understand how this affects the solubility of hydrogen and
its isotopes in beryllium oxide. At this stage, the conclu-
sion is that the position of the Fermi level, influenced by
intrinsic defects but also by impurities or doping of the n
or p type, can change the charge state of hydrogen in the
BeO system.

5 DIFFUSIVITY

Despite the fact that H+∕− should be the preponderant
species, it is important to compare the diffusion coeffi-
cients of the other forms of hydrogen in order to check
if their mobility (product of concentration by diffusion) is
indeed much lower than that of H+ or H−. The results
on the diffusion of hydrogen and its isotopes in the BeO
system are presented below.

5.1 Atomistic process

To calculate diffusion coefficients, it is necessary to first
describe the elementary processes of hydrogen atom
migration at the atomic scale. From the stable sites
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5014 RIOT et al.

F IGURE 6 (Color online) Energy profile computed with the
PBE functional and diagram of the migration path of H− between
𝑂𝑜 sites ∥ and ⟂ to the 𝑐-axis in BeO. Hydrogen paths are drawn in
gold whereas, red (green) balls correspond to oxygen (beryllium)
atoms. PBE, Perdew–Burke–Ernzerhof.

obtained previously for each state of hydrogen, migra-
tion paths were identified. NEB simulations27 were then
used to calculate activation energies and find transition
states. The statuses of the latter were always confirmed by
a phonon analysis. Only configurations with one imagi-
nary frequency were kept. At this point, a new assumption
was made: the electrostatic and elastic correction ener-
gies (calculations were always performed at fixed lattice
parameters) are identical in both transition and stable sites,
implying that no correction was taken into account for the
diffusivity-related energy data. This is supported by the
fact that, for a given hydrogen chemical state, these terms
are similar between stable sites. For example, the highest
change in energy was found for H+ between 𝑋 and 𝐴𝐵𝑜:
about 2 and 25 meV for elastic and electrostatic correction
terms, respectively.

5.1.1 Case of H− and H2

H− and H2 species are only stable in the 𝑂𝑜 sites. There-
fore, diffusion paths are narrowed to two jumps toward the
two first-nearest neighboring 𝑂𝑜 sites, see Figures 6 and
7, for H− and H2, respectively. For the pathway parallel to
the 𝑐-axis, both species moves along a straight line. More-
over, as the H2 molecule is initially aligned in that same
direction, there is no modification of its orientation. The
transition state is located at the intersection of the oxygen
layer, whichever the species. In contrast, for the pathway in
the 𝑥, 𝑦-plane, the molecule tilts slightly but, at the tran-
sition state, the molecule recovers an orientation mainly
along the 𝑐-axis, inducing a significant distortion of the
first nearest atoms. The transition states for both species
are located in the middle of the 𝑂𝑜–𝑂𝑜 path.
As expected, computed activation energies gathered in

Table 8 show that diffusion is anisotropic. The effect of
the functional was investigated on both species. The ener-

F IGURE 7 (Color online) Energy profile computed with the
PBE functional and diagram of the migration path of H2 between 𝑂𝑜

sites ∥ and ⟂ to the 𝑐-axis in the BeO system. Molecular hydrogen
paths are drawn in gold and red (green) balls correspond to oxygen
(beryllium) atoms. PBE, Perdew–Burke–Ernzerhof.

TABLE 8 Activation energies, 𝐸𝑎 , related to H− and H2

diffusion paths in BeO (in eV), PBE/SCAN results.

PBE SCAN
H− H𝟐 H− H𝟐

𝑂𝑜 → 𝑂𝑜 ∥c 1.58 1.86 1.67 1.91
𝑂𝑜 → 𝑂𝑜 ⟂c 1.11 1.16 1.28 1.22

PBE, Perdew–Burke–Ernzerhof; SCAN, strongly constrained and appropri-
ately normed.

gies obtained using the SCAN functional are a bit higher
than those computed using the PBE, but the difference is
not significant enough to affect the diffusion coefficient,
see Figure A.2. Whichever the functional, the difference in
activation energy between paths parallel and perpendic-
ular to the 𝑐-axis is higher than the previously published
theoretical data.15 Themain reason is that our saddle point
of the path in the 𝑥, 𝑦-plane is lower than the one found
in previous works, but the computed phonon frequencies
show an imaginary vibrational mode along the migration
path which tends to corroborate that the present result
corresponds to the most favorable path in the potential
energy surface.

5.1.2 Case of H0

Neutral hydrogen is stable in three insertion sites, that is,
𝑂𝑜, BC𝑐, and BC𝑏. All available combinations of migration
paths are narrowed down to three paths, see Figure 8.
The diffusion mechanism along the 𝑐-axis is driven by

a jump between two first nearest neighboring 𝑂𝑜 sites,
whereas in the 𝑎𝑏-plane this path goes through interme-
diate sites, BC𝑐 or BC𝑏. To quit an 𝑂𝑜 site, there are two
non-equivalent paths toward BC𝑏. However, the direct dif-
fusion toward the one above BC𝑏 is impossible because
hydrogen would go through an upper 𝑂𝑜 site. For all other
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RIOT et al. 5015

F IGURE 8 (Color online) Energy profile computed with the
PBE functional and diagram of the migration path of H0 in BeO.
Hydrogen paths are drawn in gold and red (green) balls correspond
to oxygen (beryllium) atoms. PBE, Perdew–Burke–Ernzerhof.

TABLE 9 Activation energies, 𝐸𝑎 (in eV), for the diffusion of
neutral hydrogen computed with PBE.

𝑶𝒐 BC𝒄 BC𝒃

𝑂𝑜 1.24 0.65 0.77
BC𝑐 0.03 – –
BC𝑏 0.01 – –

Note: PBE, Perdew–Burke–Ernzerhof.

possibilities, paths are narrowed to elementary processes
including a site, even in the case of very close BC𝑏 sites
surrounding an oxygen atom.
The energy landscape obtained shows that local min-

ima, BC𝑏 and BC𝑐, are near their transition states from
a spatial and energy standpoint. This induces a very low
energy barrier (10 and 30 meV, respectively) to exit toward
the next 𝑂𝑜 site, see Figure 8. By taking into account
the ZPE of both sites (stable and saddle), these activa-
tion energies still decrease down to a null value (≤ 0 eV)
considering hydrogen diffusion along the BC𝑏→O𝑜 path.
Nonetheless, temperature acts oppositely, therefore the
activation Helmholtz energies increase the energy barrier
of both migration paths. The activation energies of the
three migration paths are given in Table 9.

5.1.3 Case of H+

H+ is stable in three insertion sites: BC𝑐, X, and AB𝑜. As
shown in Section 4.2, a charge transfer between hydro-
gen and a first nearest-neighboring oxygen atom induces
a complex energy landscape. All the possible diffusion
paths are narrowed down to five elementary processes, see
Figure 9. The migration between two local minima AB𝑜 is
only possible with in-plane sites, where the jump between
two sites surrounding an oxygen atom passes through the
intermediate local minimum X. The saddle point of this

F IGURE 9 (Color online) Energy profile computed with the
PBE functional and diagram of the migration path of H+ between
stable sites. The identified hydrogen paths are drawn in gold and red
(green) balls correspond to oxygen (beryllium) atoms. PBE,
Perdew–Burke–Ernzerhof.

TABLE 10 Activation energies of H+ diffusion paths
computed with PBE functional, 𝐸𝑎 (in eV).

AB𝒐 BC𝟏
𝒄 BC𝟐

𝒄 X
AB𝑜 0.23 – 0.02 0.13
BC1

𝑐 – – – 0.77
BC2

𝑐 0.47 – – –
X 0.006 0.18 – 0.078

Note: PBE, Perdew–Burke–Ernzerhof.

latter path is a second-order transition state according to
the multiplicity of the AB𝑜 site and its location in the mid-
dle of the Be–O in-plane bond (BC𝑏-like site, see Figure 1).
To escape from a BC𝑐 site, there are only two out-of-plane
paths: toward AB𝑜 and X. Additionally, the latter site has
a three-fold axial symmetry along the 𝑐-axis meaning that
three X sites are surrounding their saddle point (E site,
a second-order transition state). The exit paths out of X
sites have low activation energies, especially towardAB𝑜 (6
meV) which is in line with a flat potential energy. Indeed,
the two computed Eigen-frequencies related to hydrogen
are low: one is complex, whereas the other corresponds
to a soft mode close to a few THz. This latter should be
found complex if computational limitations were to be
overcome (sampling of Brillouin zone beyond Γ). Nev-
ertheless, when taking into account ZPE contributions,
this activation energy increases by several meV: from +10
up to +21 meV for hydrogen and tritium, respectively.
Thus, as temperature increases, the energy barrier between
X and AB𝑜 sites also increases. In contrast, the second-
lowest activation energy, which corresponds to the𝐴𝐵𝑜 →

𝐵𝐶2
𝑐 path, decreases if ZPE is taken into account (−4

meV and −2.8 meV for H and T, respectively). The other
activation energies of migration paths are summarized
in Table 10.
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5.2 Diffusion coefficients of H and its
isotopes

Two approaches were used to compute the diffusion
coefficients: explicit expressions and kinetic Monte-Carlo
(KMC) simulations. These methods are described thor-
oughly in Appendix A. Both approaches use the harmonic
transition state theory according to the Eyring’s theory72
to compute the jump rate probabilities. These jump rates
reflect the probability of an atom leaving site 𝑎 toward site
𝑏, it is expressed as:

Γ𝑎𝑏(𝑇) =
𝑘𝐵𝑇

ℎ

𝑇𝑆

𝑎
exp

[
−
Δ𝐸𝑎𝑏

𝑚

𝑘𝐵𝑇

]
. (12)

where Δ𝐸𝑎𝑏
𝑚 is the activation energy (difference between

the saddle point and the initial local minima),𝑇𝑆 and𝑎

correspond to the (vibration) partition function of the tran-
sition state and the initial position, respectively.  and the
Helmholtz free energy are linked through:

𝐹𝑣(𝑇) = −𝑘𝐵𝑇 ln. (13)

Themigrationmechanism of H− andH2 is limited to jump
between O𝑜 sites, for which only one site is stable. The
diffusion coefficients in the 𝑎𝑏-plane, 𝐷𝑥,𝑦 , and along the
𝑐-axis, 𝐷𝑧, can then be expressed as:

𝐷𝑥,𝑦(𝑇) =
3𝑎2

2
Γ𝑂𝑂𝑥𝑦 (14)

𝐷𝑧(𝑇) =
𝑐2

4
Γ𝑂𝑂𝑧, (15)

whereΓ𝑂𝑂𝑥𝑦 corresponds to the jumpprobability in the𝑎𝑏-
plane, Γ𝑂𝑂𝑧 is the jump rate along 𝑧, and 𝑎 and 𝑐 are the
lattice parameters. For H0, diffusion coefficients are given
by:

𝐷𝑥,𝑦(𝑇) =
𝑎2

4

Γ𝑐𝑜Γ𝑏𝑜(2Γ𝑜𝑐 + 3Γ𝑜𝑏)

Γ𝑏𝑜Γ𝑐𝑜 + Γ𝑏𝑜Γ𝑜𝑐 + 3Γ𝑐𝑜Γ𝑜𝑏
(16)

𝐷𝑧(𝑇) =
𝑐2

4

Γ𝑏𝑜Γ𝑐𝑜Γ𝑜𝑜
Γ𝑏𝑜Γ𝑐𝑜 + 3Γ𝑐𝑜Γ𝑜𝑏 + Γ𝑏𝑜Γ𝑜𝑐

, (17)

where expressions of jump rates are simplified as: BC𝑐→ 𝑐,
BC𝑏→ 𝑏 andO𝑜→ 𝑜. For H+, an explicit expression cannot
be obtained due to the complex migration pathways which
involve high multiplicity sites (AB𝑜 and X). Therefore, it
overall diffusion coefficient is evaluated by KMC.
The diffusion coefficients of species H0, H−, and H2 are

foundhighly anisotropic, see Figure 10; speciesmove faster
in the 𝑎𝑏-plane, while diffusion along the 𝑐-axis is several
orders of magnitude lower and this is also true for higher

F IGURE 10 (Color online) Diffusion coefficients of 𝑇+, 𝑇−,
𝑇2, and 𝑇 in the BeO bulk compared to the experimental data of
tritium diffusion in single BeO crystal.12.

temperatures. In contrast, the diffusion of H+ exhibits an
opposite behavior. The trajectories obtained with KMC
show a slightly anisotropic behavior, with a displacement
along the 𝑐-axis that is longer than the displacements in the
𝑎𝑏-plane. This behavior increases significantly as the tem-
perature rises, whereas at low temperature, diffusion paths
tend to be less anisotropic, see Figure A.1. Results show
that diffusion coefficients extend over a large range of val-
ues depending on the state of hydrogen. Unexpectedly, the
diffusivity of hydrogen in beryllium oxide (tritium species,
Figure 10) can be the same order of magnitude as in the
metal, especially for neutral hydrogen. Here, the theoreti-
cal diffusion coefficient of neutral hydrogen is even higher
than in beryllium metal for temperatures above 1 000 K.11
Thus, the ability of beryllium oxide to act as a perme-
ation barrier becomes questionable due to the interstitial
diffusion mechanism found here.
Experimental data on the diffusion of hydrogen isotopes

in beryllium oxide are not numerous, but data on tritium
diffusion in BeO single crystal are available.12 Fowler
et al.12 used the recoil injection method to measure the
diffusion coefficient of tritium. Single crystal samples were
first covered with a lithium salt layer, which was then
exposed to a neutron flux to produce tritium. To evaluate
the diffusion coefficient of tritium, the time rate of tritium
release was measured in post-irradiated conditions, where
samples were heated (tritium release was measured with
a mass spectrometer). The authors did not specify the
crystallographic orientation,5,12 the data should therefore
be considered as an effective diffusion coefficient. In
addition, the authors claim that the sample release is
apparently not controlled by defects, but rather by a diffu-
sion mechanism. Unfortunately, the chemical state of the
diffusing species should be considered as unknown. Even
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TABLE 11 Activation energies, 𝐸𝑎 (in eV) and D0 (in m2/s)
obtained from an Arrhenius fit for hydrogen and tritium diffusing in
BeO.

E𝒂 D𝟎

Species 𝒙, 𝒚 𝒛 𝒙, 𝒚 𝒛

H 0.69 1.25 1.38×10−5 2.75×10−6

H− 1.07 1.56 2.36×10−7 6.93×10−6

H2 1.11 1.83 1.64×10−5 1.86×10−5

H+ 0.63 2.36 × 10−7

T 0.68 1.25 9.91×10−6 1.67×10−6

T− 1.08 1.57 1.80×10−7 4.94×10−6

T2 1.13 1.84 1.02×10−5 1.14×10−5

T+ 0.68 2.69 × 10−7

if the neutron transmutation produces T+, this species
can react to form molecular tritium or perhaps a hydroxyl
group. The authors pointed out that the formation of
molecular tritium can be expected before atoms reach
the free surface of the sample, even with a very low tri-
tium concentration. The comparison between computed
and experimental diffusion coefficients is rather weak,
whichever the species. In addition, the effective activation
energies deduced from the Arrhenius law (Table 11) are
not in agreement with the experimental interpolation (2.27
eV). These results tend to confirm Fowler’s conclusion12
stating that this high activation energy suggests that
species diffusion involved complex defects.

6 CONCLUSION

The goal of this work was to determine the diffusion coef-
ficients of hydrogen in beryllium oxide. To do so, the
properties of the ideal lattice as well as the behavior of
hydrogen isotopes in interstitial sites were investigated.
Our calculations show that the SCAN functional improves
on the determination of electronic properties, especially
in the case of formation energies, which can be predicted
with an error below 1%. This functional also improves
significantly on the determination of elastic constants.
Nonetheless, the improvement on vibrational properties is
rather small compared to PBE results, justifying the use of
the latter to compute vibrational Helmholtz energies.
The most stable sites found in this work are the same as

those previously identified in the literature, whichever the
chemical state of hydrogen, H0, H+, H−, or H2. Nonethe-
less, our results show that some previously identified local
minima are in fact unstable or saddle points (sites E and
BC𝑏 of H+). Therefore, all the insertion sites and their for-
mation energies were computed. The electronic structure
analysis highlighted a significant charge transfer in the

case of cation insertion, whereas for the other species, the
charge remained localized around the hydrogen atom. A
simple solubility model was used to perform an estimate of
hydrogen concentration in the ideal lattice. Moreover, our
predicted hydrogen concentration falls to several orders of
magnitude lower than the experimental data. Nonetheless,
our calculations predict that hydrogen in beryllium oxide
would be mainly present as cation or anion. By changing
the constraint related to the Fermi level, themodel displays
its effect on solubility and shows the possibility to take into
account point defects such as beryllium/oxygen vacancies
in order to improve solubility determination.
Regarding migration pathways, all paths were care-

fully studied to identify every transition state and the
corresponding activation energies. Due to the charge
transfer, anion migration shows a complex diffusion path-
way through five elementary processes, two of which
pass through a second-order transition state. Based on
present reliable DFT data (paths, activation energies, and
Helmholtz energies), two approaches were used to com-
pute diffusion coefficients. Indeed, analytical expressions
were established for H0, H−, and H2 species, whereas
KMC was implemented to calculate the diffusion prop-
erties of H+. Our study shows an insignificant isotopic
effect. Furthermore, the diffusion mechanisms exhibit an
anisotropic behavior whichever the chemical state. Never-
theless, hydrogen cation diffuses faster, along the 𝑐-axis,
in the opposite direction to the other species. Finally,
comparing our own set of diffusion coefficients against
experimental data shows a knowledge gap that could
be filled by extending both theoretical and experimen-
tal investigations.
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APPENDIX A: MULTI-SCALE APPROACH OF
DIFFUSIVITY
Here, we present themethod for the calculation of the scat-
tering coefficients with their expressions. Two cases are
discussed below: the diffusion of H0 and H−.

A.1 Diffusion of H− and H2

In the case of H− and H2, there is one position: 𝑂𝑜 (0, 0,
0.635), labeled 2𝑎. Then, the different possible jumps from
each site were identified. As shown previously, there are
two different jumps, see Figure 6, and therefore two differ-
ent jump rates: with Γ𝑜𝑜𝑋𝑌 (6 equivalent jumps, length 2.71
Å), the jump between two 1NN 𝑂𝑜 sites in the plane, and
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Γ𝑜𝑜𝑍 along the 𝑐-axis, (2 jumps, up and down, length 2.46
Å). By following Landman’ method,73,74 we find:

𝐷𝑥,𝑦[𝑇] =
3𝑎2

2
Γ𝑜𝑜𝑋𝑌[𝑇] (A.1)

𝐷𝑧[𝑇] = 𝑐2Γ𝑜𝑜𝑍[𝑇] (A.2)

These formulas were obtained by first identifying the
number of non-equivalent positions in the primitive cell.
Two quantities are thus required: the Laplace transform
of the waiting time density matrix, 𝜓(𝑢), and the Fourier
transformmatrix of the displacements of hydrogen in BeO,
𝑝(𝑘). 𝜓(𝑢) is given by:

𝜓(𝑢) =

2𝑎1 2𝑎2

2𝑎1

2𝑎2

⎡⎢⎢⎢⎣
6Γ𝑏
𝐾

2Γ𝑐
𝐾

2Γ𝑐
𝐾

6Γ𝑏
𝐾

⎤⎥⎥⎥⎦
(A.3)

where 𝐾 = 6Γ𝑜𝑜𝑋𝑌 + 2Γ𝑜𝑜𝑍 + 𝑢, and 𝑝(𝑘) by:

𝑝(𝑘) =

2𝑎1 2𝑎2

2𝑎1

2𝑎2

[
𝐵 𝐴

𝐴 𝐵

]
(A.4)

where

𝐵 = [e𝑖𝑘𝑥𝑎 + e−𝑖𝑘𝑥𝑎

+ e𝑖𝑘𝑦𝑎 + e−𝑖𝑘𝑦𝑎 + e𝑖𝑎(𝑘𝑦+𝑘𝑥) + e−𝑖𝑎(𝑘𝑦+𝑘𝑥)]∕6
𝐴 = [e𝑖𝑘𝑧𝑐 + e−𝑖𝑘𝑧𝑐]∕2.

(A.5)

𝐷𝑥,𝑦 and 𝐷𝑧 were deduced with 𝑝(𝑘) and 𝜓(𝑢), and by
following the procedure suggested by Landmann.74

A.2 Diffusion of H0

In this case, there are three non-equivalent positions: 𝑂𝑜

(labeled 2a), 𝐵𝐶𝑐 (2b), and 𝐵𝐶𝑏 (6c) sites, see Figure 8. The
jump rates are: Γ𝑜𝑜𝑍 between two 1NN 𝑂𝑜 sites along the
𝑐-axis, Γ𝑏𝑜 and Γ𝑜𝑏, between 𝑂𝑜 and 𝐵𝐶𝑏 sites, and Γ𝑐𝑜 and
Γ𝑜𝑐, between 𝑂𝑜 and 𝐵𝐶𝑐 sites. Using the same approach,
𝐷𝑥,𝑦 and 𝐷𝑧 can be expressed as:

𝐷𝑥,𝑦(𝑇) =
𝑎2

4

Γ𝑐𝑜Γ𝑏𝑜(2Γ𝑜𝑐 + 3Γ𝑜𝑏)

Γ𝑏𝑜Γ𝑐𝑜 + Γ𝑏𝑜Γ𝑜𝑐 + 3Γ𝑐𝑜Γ𝑜𝑏
(A.6)

𝐷𝑧(𝑇) =
𝑐2

4

Γ𝑏𝑜Γ𝑐𝑜Γ𝑜𝑜𝑍
Γ𝑏𝑜Γ𝑐𝑜 + 3Γ𝑐𝑜Γ𝑜𝑏 + Γ𝑏𝑜Γ𝑜𝑐

(A.7)

(A.8)

A.3 Diffusion of H+ in the BeO system
For H+, an analytical formula could not be established
due to complex migration pathways involving high-

F IGURE A . 1 400 000 steps trajectories of the𝐻+ species. The
top (bottom) trajectory has been computed at 600 K (1 200 K). For
clarity, coordinates have been printed each 1 000 steps.

multiplicity stable sites. Therefore, its diffusion coeffi-
cients were investigated using the KMCmethod. There are
many KMC techniques, but this work used the method
based on the residence time algorithm, which involves a
jump at each time step. The steps of a typical simulation
are detailed in Ref. [75]. From the three stable sites, BC𝑐,
AB𝑜 and 𝑋, all possible jumps were defined depending
on their multiplicity and paths previously introduced (Sec-
tion 5.1.3). Each jump was initialized with a displacement
vector and a jump probability (Equation (12)), while for
each site, a residence time was computed as the recipro-
cal of the sum of jump rates. To determine the diffusion
coefficient, KMC simulations were performed at several
temperatures. Then, the recorded trajectories as well as the
elapsed time were processed. The mean square displace-
ment (⟨𝑅2

𝑘
⟩) and the elapsed time (⟨𝑡𝑘⟩) were evaluated by

means of sliding average at each time step with a num-
ber of subsets (𝑘) going up to half of the step numbers to
make sure averages were weighted equally. According to
Einstein’s equation, the diffusion coefficient is expressed
as follows:

𝐷𝑘 =
⟨𝑅2

𝑘
⟩

6⟨𝑡𝑘⟩ (A.9)
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F IGURE A . 2 (Color online) Diffusion coefficients of 𝑇− and
𝑇2 computed with PBE and SCAN functionals. Experimental data
were extracted from Ref. [12]. PBE, Perdew–Burke–Ernzerhof;
SCAN, strongly constrained and appropriately normed.

Then, an average diffusion coefficient for a given tem-
perature was obtained. Its evolution as a function of the
step was used to check when convergence was reached.
In the case of H+ migration, simulations were extended to
800 000 steps. Finally, from the Arrhenius law, the effec-
tive activation energy and the pre-exponential factor were
evaluated by fitting the computed diffusion coefficients.

A.4 Example of trajectories computed with KMC
for the H+ species

These plots (Figure A.1) show H+ trajectories computed
with the KMC method in order to highlight the slightly
anisotropic nature of the diffusion.

A.5 Comparison of diffusion coefficients com-
puted from PBE and SCAN data

Figure A.2 shows the impact of the chosen functional
(PBE vs. SCAN) on the diffusion coefficients of T− and
T2. The effect is more important for charged hydrogen,
by one order of magnitude, specially at low temperature.
The PBE functional provides accurate data at this stage
of approximation.

APPENDIX B: VIBRATIONAL, TRANSLATIONAL,
ROTATIONAL CONTRIBUTIONS TO GIBBS
ENERGY FOR H𝟐(𝒈)

The vibrational enthalpy in the case of molecules, 𝐻vib, is
expressed as

𝐻vib[𝑇] =
ℎ𝜈

2
+

ℎ𝜈

exp
(

ℎ𝜈

𝑘𝐵𝑇

)
− 1

(B.1)

F IGURE C . 1 (Color online) Formation energies of interstitial
hydrogen in BeO as function of Fermi level, calculated with PBE.
Only the most stable site for each hydrogen form was considered.
The origin of Fermi energy is set at the top of valence band
maximum. PBE, Perdew–Burke–Ernzerhof.

and the vibrational entropy, 𝑆vib:

𝑆vib[𝑇] =
ℎ𝜈

𝑇

1

exp
(

ℎ𝜈

𝑘𝐵𝑇

)
− 1

− 𝑘𝐵 ln

(
1 − e

−
ℎ𝜈

𝑘𝐵𝑇

)
(B.2)

The translation and rotation contributions to enthalpy and
entropy are given by:

𝐻tran,rot[𝑇] = 𝐻tran +𝐻rot =
5

2
𝑘𝐵𝑇 + 𝑘𝐵𝑇 (B.3)

𝑆tran,rot[𝑇] = 𝑆tran + 𝑆rot

= 𝑘𝐵

(
1 + ln

[
8𝜋2𝐼𝑘𝐵𝑇

𝜎ℎ2

])

+ 𝑘𝐵

⎛⎜⎜⎝
5

2
+ ln

⎡⎢⎢⎣
𝑘𝐵𝑇

𝑃0

(
2𝜋𝑚𝑘𝐵𝑇

ℎ2

) 3

2
⎤⎥⎥⎦
⎞⎟⎟⎠

(B.4)

where 𝑚 is the mass of the 𝐻2 molecule, 𝐼 its moment
inertia, 𝜈 its vibrational frequency, and 𝜎 = 2 for
diatomic molecules.

APPENDIX C: VARIATION OF HYDROGEN
FORMATION ENERGIESWITH THE FERMI
LEVEL
Figure C.1 shows the effect of the Fermi level variation on
the formation energies of charged interstitial hydrogen in
comparison of the neutral cases. Whatever the Fermi level
position, the neutral hydrogen atom and molecular hydro-
gen are not favorable; hydrogen in beryllium oxide exhibits
an amphoteric behavior.
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